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Abstract 

We derive the absorption cross section of a minimally coupled scalar in the Lifshitz black hole 
obtained from the new massive gravity. The absorption cross section reduces to the horizon 
area in the low energy and massless limits of scalar propagation, indicating that the Lifshitz 
black hole also satisfies the universality of low-energy absorption cross section for black holes. 
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1 Introduction 



The Lifshitz-type black holes [H[2l[3l[ll[5l[6l[Zll8l[9l HH1 HH H2J H3l HH HSl [J6l HZ] have 
received considerable attentions since these may provide a model of generalizing AdS/CFT 
correspondence to non-relativistic condensed matter physics [the Lif/CFT correspondence]. 
Although their asymptotic spacetimes are known to be Lifshitz, the whole properties of these 
black holes are not yet explored completely. 

Especially, we wish to focus on the (z = 3) Lifshitz black hole [18] derived from the new 
massive gravity [19] because it may be considered as a toy model for Lifshitz black holes. 

If a black hole is found, a thermodynamic study is important to understand the black hole 
because heat capacity and free energy determine the thermodynamic stability of the black 
hole. Recently, there was a progress on computation of mass and related thermodynamic 
quantities by using the ADT method [20j 12] and Euclidean action approach in three di- 

7r 4 

mensions [22]. There was a discrepancy in mass between A4 = g^F obtained from the ADT 

tT-rm r 4 ,,,,,, ___ 

method [20J and M. = ^4 from other approaches [221 ESI 121] • However, it turned out that 
the Lifshitz black hole is thermodynamically stable since its heat capacity is positive and 
free energy is negative. The possibility of phase transition between Lifshitz black hole and 
thermal Lifshitz has been discussed by introducing on-shell and off-shell free energies [25J. 

On the other hand, quasinormal modes of a black hole contain important information 
on the black hole. Its complex quasinormal frequency is given by u = ujr — iojj whose real 
part represents the oscillation and imaginary part denotes the rate at which this oscillation is 
damped, because of the very nature of black hole horizon. In addition, the condition of ojj > 
is consistent with the stability condition of the black hole. Quasinormal frequencies (QNFs) 
were obtained from a perturbed scalar propagation by imposing the boundary condition: 
ingoing mode near horizon and Dirichlet boundary condition at infinity. Importantly, QNFs 
of Lifshitz black hole are purely imaginary [26} 127] , showing that such perturbation has no 
oscillation stage. This feature may be related to the solitonic nature on the boundary field 
theory which implies that its equilibrium is comparatively stable and thus, it is difficult to 
take the theory out of equilibrium [28]. Consequently, this indicates that the Lifshitz black 
hole is stable against an external perturbation, which is closely related to its thermodynamic 
stability. 

At this stage, one has to ask how the Lifshitz black hole is different from a three- 
dimensional known black hole of the non-rotating BTZ black hole [29| 130] . One difference 
is that QNFs of Lifshitz black hole are purely imaginary, whereas those of BTZ black hole 
are complex. Their thermodynamic property is the nearly same to each other: positive heat 
capacity and negative free energy [3T] even though they have different asymptotes. One 
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remaining thing to explore is to compute the absorption cross section (=greybody factor) 
because it provides a litmus to test whether or not the Lifshitz black hole possesses the 
universal property of black holes |32j . 

In this work, we obtain the absorption cross section by investigating a minimally coupled 
scalar propagating in the Lifshitz black hole background. Importantly, we will show that the 
absorption cross section reduces to the horizon area in the low energy and massless limits of 
s-wave propagation, indicating that the Lifshitz black hole also satisfies the universality of 
low energy absorption cross section for any black holes. 



2 Lifshitz black hole from new massive gravity 

We start with the new massive gravity [19] composed of the Einstein-Hilbert action with a 
cosmological constant A and higher-order curvature terms given by 



NMG 



Seh + *Shc 



1) 



Seh = tJ-^ I dW=#(#-2A), (2) 



16nG 

Sue = -T7-^ f <P*V=9 (r^RT -Ir 2 )- (3) 



16-KGm 2 

where G is a three-dimensional Newton constant and m 2 a parameter with mass dimension 
2. We would like to mention that to avoid negative mass and entropy, it is necessary to take 
"— " sign in the front of [Seh + Shc]- The field equation is given by 

Rnu - -^QnuR + AflV - ^2 K ^ = °> ( 4 ) 

where 

KfMv = 2UR pu -^S/ ll V v R-]pRg llv 

3 3 
+ ^RfiupaR^ — -RRpu — R P aR pa gfiu + -R g^- (5) 

Z o 

In order to obtain the z = 3 Lifshitz black hole solution, we have to choose rh 2 = — arid 
A = — ^ with I the curvature radius of Lifshitz spacetimes. Explicitly, we find the z = 3 
Lifshitz black hole solution HH1 as 



ds 2 Ui = g^dx" = - ( r ^J (l - *tP) dt" + + r 2 d<t>\ (6) 
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where M is an integration constant related to the mass of black hole. The event horizon is 
located at r = r + = l\[M. The z — 1 case corresponds to the BTZ black hole. The line 
element ([6]) is invariant under the anisotropic scaling of 



t -> X z t, (f> ->• \4>, r ->• - 

A 



(7) 



with M -> M/A 2 . For 2 = 1 BTZ black hole, the ADM mass is determined to be M = ^, 
while for z = 3 Lifshitz black hole, the ADM mass is proportional to M 2 . Its z-dependent 
curvature is given by 

2 



£ 2 r 2 



l M -r 2 - (2£ 2 M + r 2 )z + (£ 2 M - r 2 )z 2 



which yields 



Rz=i — — 75"? 



R 



z=3 



26 8M 



(9) 



3 Scalar propagation in Lifshitz spacetimes 

In order to find the absorbtion cross section, we first consider a minimally coupled scalar 
described by the Klein-Gordon equation 



□t, if - m 



in the background of Lifshitz black hole spacetimes ([6]) which yields 



(r 2 - r 2 + )p"(r) + 



5r 2 — 3ri 
r 

-iuit+i 



+ £ 8 cu 2 - r 2 (£ 2 k 2 + m 2 £ 2 r 2 )(r 2 - r\ ) 



(10) 



for the ansatz ip = p(r)e lu)t+lk( p. Now we consider a tortoise coordinate r* as 



— arccoth 



r 



(12) 



which is defined by dr* = dr/f(r) with f(r) = r 2 (—M + r 2 /£ 2 )/£ 2 . Then r e [r + ,oo] is 
mapped into r* G [— 00, 0]. Introducing a new field $(= y/rp(r)) together with r*, Eq. ffTT]) 
can be written as the Schrodinger-type equation 

d 2 $ 



dr* 2 



+ 



- V(r*) 



$ = 0, 



where the potential V(r) in r coordinate is given by 

7 + A£ 2 m 2 R Ak 2 £ 2 -m 2 M -Atm 2 M 



V(r) 



A£ 8 



-r + 



A£ 8 



4 Ak 2 tM -3£*M 2 2 
r A£* 



(13) 



(14) 




Figure 1: Potential V as a function of r (left panel) and r* (right panel) with M — 1, 
I = 1, and k = 0. In these figures, V^ 7 correspond to m 2 £ 2 = — 9, — 4, — 2, — 1, — 1/2, 0, 2, 
respectively. For m 2 £ 2 > —1, the potentials (V^r) are always positive for the whole range of 
r + < r < 00 or —00 < r* < 0. However, the stability is extended to V<i{rr?t 2 = —4) because 
the scalar field is propagating in the Lifshitz spacetimes. 



We could not obtain an analytic expression V(r*) written by r* from f JT4|) because it is 
difficult to express r in terms of r* as ffT2]) does show. However, V(r*) can be plotted in 
a parametric way by using fTT2|) and ffT4D . Fig. 1 shows that for m 2 l 2 > —1, the potential 
is always positive, which implies that the Lifshitz black hole is obviously stable under the 
scalar perturbation. Actually, there is correspondence between V(r) and V(r*) for each m 2 
[color matching], implying that the stability criterion remains unchanged. If one considers a 
scalar propagation in flat spacetimes, the stability condition is just the non-tachyonic mass 
of m 2 > 0. However, the stability condition was extended to the Breitenlohner-Freedman 
(BF) bound (m 2 > m| F = —l/£ 2 ) in AdS 3 spacetimes (23], even if its potential is negative 
in AdSs spacetimes. Similarly, as was first mentioned in [3], the BF bound can be extended 
to the Lifshitz bound ^ 

m 2 > m 2 Ui = -— (15) 

in Lifshitz spacetimes [2S]. In other words, the Lifshitz black hole is unstable against the 
scalar propagation with mass (m 2 < — 4/£ 2 ) which is considered as the tachyonic instability. 
In order to understand the Lifshitz bound (TT5]) more explicitly, we investigate the potential 
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(I14p at large r limit (r* — > 0) which is approximated as an inverse square potential 



(16) 



with 



7 + 4m 
36~ 



2ff2 



(17) 



This is because the first term in (JT4"|) dominates in this limit. Then, Eq. (I13p becomes 
the Schrodinger equation with the inverse square potential. It is known that for this type 
of Schrodinger equation, the stability of the scalar field is determined by the condition of 
£ > —1/4 [51] which yields the Lifshitz bound 0. 

Finally, it is important to note that the Lifshitz bound corresponds to the stability con- 
dition obtained when applying the quasinormal mode approach. To see this explicitly, we 
consider the full form of QNFs [261 EH 



uj = —iAiiT H 



- 1 - 2n - (4 + m 2 f) 1/2 



3tt? 2 / 2 k 2 , \ 1/2 

- ( 7 + + ^ + (3 + 6n)(4 + mH 2 ) 1 / 2 + 6n(n + 1)' 



with n = 0, 1,2, One checks that for s-mode (k = 0), the quasinormal frequency u 
becomes negative imaginary if m 2 £ 2 satisfies the relation 

1m 2 P 2 1 1/2 

7+^ — - + (3 + 6n)(4 + m 2 £ 2 ) 1 / 2 + 6n(n + 1) > 1 + 2n + (4 + m 2 £ 2 ) 1/2 



m 2 £ 2 > -4 



(19) 



which is exactly (ITojl . 



4 Absorption cross section 

In order to find the absorption cross section, we introduce a new coordinate x = (r 2 — r^/r 2 , 
which is useful to find a solution to Eq. ffTT]) . Then, the radial equation takes the form 

1 £ 2 (uj 2 (1-x) 3 -m 2 M 3 x)-k 2 M 2 (l-x) , . 

x{l — x) AM d {l — x) l x A 



1 Similarly, in the AdS3 spacetimes |35j . a permitted range for the massive scalar field with the inverse 
square potential is given by the BF bound: (>-l/44m 2 > m BF ~ ~ l/^ 2 - 
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Here the prime (') denotes the differentiation with respect to the variable x. We note that 
r G [r + , oo) is mapped to a compact region of x G [0, 1). The solution to this equation is 
given by the confluent Heun (HeunC) functions as 



p(x) = -x^HeunCk 2a, 2(0-1), a 2 , ((3 - l) 2 + (k 2 M 2 + co 2 f) 

i AM 6 



x 



+ C 2 x~ a (l - HeunC 
where are arbitrary constants and 



0,-2a, 2(0-1), a 2 , (/3-l) 2 + i -L_(fc 2 M 2 + u; 2 £ 2 ); * . (21) 



. w£ . to n I m 2 £ 2 

a = I 2M57J = W " = 1 + V 1 + — (22) 
with T# the Hawking temperature of Lifshitz black hole. In the neighborhood of the horizon 

(x = 0), using the property of HeunC[0, a, b, c, d; 0] = 1 leads to po(x) = C\X a + C 2 x~ a 
which yields 

<p = Ci e- iuJt x a + C 2 e- iu,t x- a 

~ Cx e ~ ilj[t ~^ lax] +C 2 e ~ iu)[t+ ^ Xnx] . (23) 

Here, the former corresponds to outgoing mode {\ x =o — >), while the latter to ingoing mode 
(|a; = o^ — ). Now we consider a scattering process where an ingoing mode comes from the 
spatial infinity and interacts with the black hole. Then, it is partially reflected backwards as 
outgoing mode to the infinity and the rest is absorbed into the black hole horizon. One way 
to achieve this goal is to introduce a purely ingoing wave at the horizon and then, carefully 
to decompose it into ingoing and outgoing waves in the large r region. The other approach 
is that we begin with ingoing and outgoing modes at the horizon and a purely outgoing 
mode at the spatial infinity. It is known that two pictures provide the same absorbtion cross 
section [36]. In this work, we use the former method to derive the absorption cross section 
of Lifshitz black hole. 

To have the ingoing mode at the horizon, the constant G\ is set to be zero in Eq. (123"]) . 
We use the connection formula for the HeunC functions [27] to develop ingoing and outgoing 
modes at infinity (x — > 1). Then, Eq.( f2"T|) becomes 

r(l - 2a)T(2 - 2/3) t n 2 _ p r(l - 2a)T(2/3 - 2) 



Pl (x) C 2 ((l x) r(3 _ 2/3 + X)r(-2a - K) + (1 %) T(20 - 1 + S)V(-2a - S) 

(24) 

where K and S will be determined as the solutions to two algebraic equations 

a 2 

K 2 + (3 + 2a - 2(3)K + 2a - 2(3 + 2 - e + — = 0, (25) 



a 



2 



S 2 + (2a + 2f3-l)S-2a + Aa(3-e + — = (26) 
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with 



e = i[l-(l-2a)(2/3-l)]-(/3-l) 2 



4M 3 



(k 2 M 2 + u 2 e). 



Another way to find the solution at infinity is to start with the equation directly 



5 . 



e few 



k 2 



0. 



(27) 



(28) 



which was obtained by setting r + = in Eq. liTT]) . In order to find an analytic solution to 
( |28|) . one has to focus on k = (s-mode). For k ^ 0, it seems difficult to solve the equation. 
In this case, the s-mode solution is given in terms of Bessel functions 



/a 
1 2r 3 



<V-r (0)r(i-7) + W 7 (0)r(i + 7 ) 



(29) 



where C3 4 are integration constants and 7 is 

2 



= 3V 1 + ^ 



:o?-i)- 



(30) 



For large r, the solution (1291) can be written as 

2-/3 

/4(r) = c 3 (^] +c 4 



(31) 



(32) 



with 6*3,4 constants. 

It is worth noting that to have a regular behavior (normalizable solution) at r — > 00 
/? should be confined to 1 < (3 < 2 which corresponds to 

- -p = m m <m 2 <0. 

Imposing the regularity at infinity restricts the stability condition (fT3|) to a smaller region 
( 13"2"|) . According to the AdS 3 -analysis [39], it is shown in the context of AdS/CFT correspon- 
dence that if the mass of a bulk scalar lies in the interval 

- ^ = m 2 BF < m 2 < 0, (33) 

a single gravity theory in the bulk describes two different conformal field theories on the 
boundary. Similarly, we might confine the allowed mass range to ( 132|) in Lifshitz spacetimes. 
In other words, (1321) is necessary to compute the absorption cross section of a massive scalar 
field propagating in the Lifshitz spacetimes. 

We are now in a position to obtain the absorption cross section. For this purpose, we 
have to decompose 6*3,4 into the ingoing and outgoing coefficients. However, distinguishing 
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between ingoing and outgoing modes at asymptotic region is not a trivial task because the 
spacetime is Lifshitz. Following the ansatz in asymptotically AdS spacetimes, we introduce 
new constant parameters C; n and C out given by [3JJ EE] 



C 3 = C 2 Cin + Cout , C A = icC 2 (Q 



y out '-'in I j 



a, 



(34) 



where c is a parameter with the length dimension [X] 4/3 4 . For the ansatz (134"]) . comparing 
(I3TD with (El leads to 



C, 



^ + C 
2 + V ° out 



2 % 2c 



where 2 are given by 



ri 
r 2 



M T(l - 2a)r(2 - 2(3) 
+ T(3 -2(3 + K)T(-2a - K) ' 
4 _ 2/3 T(l - 2a)r(2/3 - 2) 
+ r(2/3 - 1 + S)Y{-2a - S) ' 

It is well-known that the conserved flux (F(r) is defined by 

V=gg rr 



(35) 

(36) 
(37) 



2i 



(p*d r p - pd r p*) . 



(38) 



Using this expression, the absorption coefficient (A) is given by 



A 



(F h 



(39) 



where (F r+ and J-^ denote the flux at the horizon and at asymptotic region (r — > 00) 
respectively. These are computed as 



J? + = -ujt + \C 2 \\ F a 



Then, we have A as 



A 



4c((3-l)\C 2 \ 
£ 4 



\C\r 



I C„ 



4c(/3-l)|C i „| 2 ' 
Finally, the absorption cross section <7 a b s takes the form 



(40) 



(41) 



Cabs 



A 



u 40(0-1)10, 



(42) 



which looks like an unclear form. 
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Hence, we consider the absorption cross section in the low energy and massless limits. 
To investigate the absorption cross section in the limits of u — > and m — > (equivalent ly, 
a and — > 2), we rewrite Eq. fj4"2]) as 

aabs "c(/3- 1)1^ + ^/012' ^ 

where Ti^ are given by (1361) and (|37|) . We mention that in the limits of u — > and m — ?■ 0, 
the parameters if and S are determined as 

if = or 1, S = -l or -2, (44) 

by solving fl2o^) and f[2"6"j) . There are four combinations of (K, S) = (0, —1), (0, —2), (1, —1) and 
(1, —2) which show a feature of the Lifshitz black hole. It turns out that four combinations 
provide a single combination for Ti and as 

r 1 = o, r 2 = i. (45) 

Substituting this into (1431) leads to the absorption cross section 

a lbs = 27rr + = A » ( 46 ) 

where we have chosen c = |- for recovering the horizon area. We have to say that there is 
no information to fix c in the wave equation approach. 

Consequently, it is shown that the absorption cross section for scattering of the scalar off 
the z = 3 Lifshitz black hole is given by the area of the horizon in the limits of u — > and 
m — > 0. 



5 Discussions 

First of all, we would like to mention the stability of Lifshitz black hole in three dimensions. 
Even though the potential is positive definite for m 2 £ 2 > —1, the stability condition is given 
by the Lifshitz bound (fTS]) when using a minimally coupled scalar propagating in the Lifshitz 
black hole spacetimes. This stability condition was confirmed by the quasinormal mode 
approach to the Lifshitz black hole. 

For the mass range (|32l . we have computed the absorption cross section by considering 
scattering of a minimally coupled scalar off the Lifshitz black hole. The absorption cross sec- 
tion reduces to the horizon area in the low energy and massless limits of s-wave propagation, 
indicating that the Lifshitz black hole also satisfies the universality of low-energy absorption 
cross section for black holes. 
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Finally, we propose that the decaying rate is given by [37J BE] 

t-, °"abs 



Lif 



(47) 



where <7 a b s is given by f l4"5j) . This decaying rate could be calculated by the boundary field 
theory if the latter is known |41j. However, we do not know exactly the boundary field 
theory which may exist by presuming the Lif/CFT correspondence. We expect to recover 
the proposed decaying rate (1471) from the boundary field theory approach in the near future. 
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